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Stratospheric airships are lighter-than-air vehicles that have the potential to provide an extremely-long-duration

airborne presence at altitudes of 18–22 km. In this paper, we examine optimal ascent trajectories that use wind

energy to achieve minimum-time and minimum-energy flights. The airship is represented by a three-dimensional

point-mass model, and the equations of motion include aerodynamic lift and drag, vectored thrust, added mass

effects, and accelerations due to mass-flow rate, wind rates, and Earth rotation. A representative wind profile is

developed based on historical meteorological data andmeasurements. Trajectory optimization is performed by first

defining an optimal control problemwith both terminal and path constraints, then using direct collocation to develop

an approximate nonlinear parameter optimization problem of finite dimension. Optimal ascent trajectories are

determined using SNOPT for a variety of upwind, downwind, and crosswind launch locations. Results of extensive

optimization solutions illustrate definitive patterns in the ascent path forminimum-time flights across varying launch

locations and show that significant energy savings can be realized with minimum-energy flights, compared with

minimum-time flights, given small increases in flight time. In addition, the effects of time-varying mass and Earth

rotation are found to be comparable with the effects of wind rate, and they are used in the optimal solutions.

Nomenclature

B = buoyancy
C = rotation matrix from ENU to the wind frame
CD = drag coefficient
CL = lift coefficient
D = aerodynamic drag force
dc = characteristic length for dimensional scaling
E = translational velocity of the local ENU frame
ENU = east-north-up coordinate system
g = gravitational acceleration
h = altitude
k = scaling parameter
k1 = coefficient of added mass in longitudinal direction
k2 = coefficient of added mass in vertical/lateral directions
L = aerodynamic lift force
‘ = longitude
ma = variable mass of air inside the airship ballonets
max = added mass components in the body-frame x direction
m0 = fixed mass of airship structure and helium
P = power
q = dynamic pressure
R = Earth radius
T = thrust
tc = characteristic time for dimensional scaling
UH = hull volume
u = control vector
V = airship wind-relative velocity magnitude
V = airship wind-relative velocity vector
Vc = characteristic velocity for dimensional scaling
VX = airship velocity with respect to frame X

W = weight
W = wind velocity in the local ENU frame
WE = wind speed in the east direction
WN = wind speed in the north direction
X = vector of decision variables
x = state vector
� = angle of attack
� = flight-path angle
� = combined efficiency of the propeller and motor
� = latitude
� = thrust vector pitch angle
� = atmospheric density
� = bank angle
� = path constraints
� = terminal constraints
 = heading
!E = Earth rotational rate
!L=I = rotational velocity of the Earth-fixed ENU frame with

respect to inertial frame
!W=L = rotational velocity of the wind-relative frame with

respect to the local ENU frame

Subscripts

c = characteristic unit
I = inertial frame
L = local frame

I. Introduction

S TRATOSPHERIC airships are buoyant vehicles that can per-
form long-endurance station-keeping missions at the altitude

range of 18–22 km in the calm portion of the lower stratosphere and
above all regulated air traffic and cloud cover. This represents a
unique operational platform that resides between conventional
aircraft and low-Earth-orbiting (LEO) satellites. With the capability
to maintain a fixed station at much lower altitudes than LEO or
geostationary (GEO) satellites, the airship can provide enhanced
performance for surveillance, communication, and remote-sensing
missions that are traditionally assigned to spacecraft.

Because they operate in the low-density region of the stratosphere,
airships must displace a large volume of air to achieve neutral
buoyancy. The resulting design requires a large helium-filled hull,
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which can nonetheless be used for harnessing solar energy by the
integration of thin-film solar cells along the top and sides [1,2].
Recent advances in lightweight materials and energy-storage
technologies have sparked serious interest in the stratospheric
airship concept [3]. Several institutions have developed low- and
midaltitude prototypes or test beds [4,5]. In recent years, numerous
studies have been performed on airship design and feasibility
[1,2,6–9], and a variety ofmethods have been proposed for trajectory
tracking and feedback control design [10–14]. This widespread
interest is reflective of the potential benefits in performance and cost
that airships can offer over alternative systems.

On the other hand, a particular challenge for airship operation is
the planning of ascent trajectories. Indeed, the slow-moving vehicle
must traverse the high-wind region of the jet stream. Because of
the large changes in wind across altitude and the susceptibility of
airship motion to the wind, the trajectory must be carefully planned,
preferably optimized, to ensure that the desired station is reached
within acceptable performance bounds of flight time, energy
consumption, and lateral excursion. However, very few studies have
been conducted in this area to date.

Reference [15] generates paths of minimum distance that follow a
prescribed set of waypoints, subject to kinematic constraints, and
[16] computes helices as candidate paths for ascent thatmaintain trim
conditions. However, neither of these studies account for thewind. In
[17], minimum-energy andminimum-time trajectories are computed
using a wind model of stacked homogeneous layers. This approach
ignores the dynamics of the vehicle, assuming that only vertical
control is used to enable the airship to traverse between wind layers,
with horizontal motion governed completely by the wind.

In [18], optimal control problems were formulated for selected
scenarios using a 3-degree-of-freedom point-mass model [19], and
numerical solutionswere developed tofind optimal trajectories in the
presence of horizontal winds. Although representing the first work of
this type, to our knowledge, this initial study was limited in scope to
high-altitude station transitions and station-keeping. In a recent
paper [5], optimal ascent trajectories were designed for the Korean
stratospheric airship, with bothminimum-time andminimum-energy
solutions, and the enforcement of a convex horizontal excursion
constraint to keep the flight path within national borders. It is one of
the few comprehensive publications of a stratospheric airshipmodel,
incorporating wind-tunnel test data, computational fluid dynamics
analysis, and prototype flight data. However, it also has some
important restrictions; namely, it does not consider the possibility of
open initial or final positions, and it defines a performance index for
the minimum-energy case that does not reflect the true energy
consumption of the vehicle.

In this paper, we conduct a systematic study of optimal ascent
trajectories of stratospheric airships.We first consider the scenario of
fixed initial and final positions and illustrate the range of solutions
between minimum-time and minimum-energy flights. We then
extend this formulation to study optimal trajectories over a range of
initial conditions. This provides crucial insights into the effect of
wind gradients and reveals a general strategy for selecting the launch
location. In all cases, the optimal control problem is converted into a
nonlinear parameter optimization problem and solved numerically
using SNOPT, a sparse nonlinear optimization solver that uses the
sequential quadratic programming (SQP) technique.

The remainder of this paper is organized as follows. First, unique
features and important operational considerations for airships are
discussed.Airshipequationsofmotion that thendevelopedbasedona
point-massmodel that includethepresenceofhorizontalwinds,added
mass effects, and mass variation across altitude. Next, models for
atmospheric density and horizontal winds are presented as a function
of altitude based on actual measurement data. Optimal control
problems are then formulated for minimum-time and minimum-
energy airshipflights. A collocation approach is used to transform the
original problem formulations intoparameter optimization problems,
and numerical solutions are obtained using SNOPT. Extensive
optimization results are obtained for different flight scenarios: a fixed
point-to-point minimum-time ascent trajectory and a series of
minimum-energy cases with different fixed-final times. Finally,

optimal ascent trajectories are examined over a range of different
launch locations for afixed target, providing a general ascent strategy
for given launch/target locations and wind conditions.

II. Baseline Design

Using buoyancy as the primary (sometimes sole) source of lift,
airships are essentially controllable balloons. The first airship flights
date back to the middle and late 19th century. Today’s airships boast
lighter materials and more powerful engines, but the basic principle
remains the same.

The hull of the airship is filled with a light gas, making the entire
vehicle lighter than air. Although the density of the vehicle is less
than that of the surrounding atmosphere, the vehicle rises. This
continues until the pressure altitude is reached at which the two
densities are equal. Modern airships use a pressure regulation
system, filling internal bags called ballonetswith air at low altitudes.
This equivalently regulates the vehicle density to be close to that of
the ambient air, enabling controlled flight anywhere between the
ground and pressure altitude [20].

Historically, airship structural designs have fallen into three
general categories, based on the type of hull: rigid, semirigid, and
nonrigid [20]. In rigid designs, such as theGerman zeppelins, the hull
is composed of a solid structure. Airships with nonrigid hulls are also
referred to as pressurized airships, because the flexible hull requires
a slightly higher (about 1%) internal pressure tomaintain its shape. A
semirigid airship has a pressurized hull along with some additional
internal structure. Tomaintain the stratospheric altitude of 20–22 km
with buoyancy, the airship must be designed with an overall vehicle
density of 0:06–0:08 kg=m3. This requires the hull surface density to
be extremely low, so that only pressurized, nonrigid designs remain
viable. This is evidenced in recent work by Lee and Bang [5],
Schmidt et al. [2], and Schmidt [9].

We therefore assume for this study that the airship is of a semirigid
design with a pressurized hull and additional structure for housing
the payload and onboard systems, which include avionics, pro-
pulsion, power generation, and energy storage. In these configu-
rations, the pressure regulation system causes the vehicle density to
closely match the ambient density, so that the net static lift is nearly
zero. In other words, the buoyancy force closely matches the weight
throughout the flight envelope.

The baseline design configuration is summarized in Table 1. The
hull is modeled as an ellipsoid that is symmetric about the
longitudinal axis. The dimensions and aerodynamic properties are
chosen to closely match those by Lee and Bang [5] to enable a
meaningful comparison of the optimal trajectories. This design
configuration, in terms of geometric dimensions and operating con-
straints, is found to be consistent with the authors’ experience in
feasibility studies of high-altitude airships.

III. Airship Equations of Motion

A. Unique Airship Features

Although the airship does share many common attributes with
traditional aircraft, several properties are fundamentally different and

Table 1 Baseline airship design parameters

Design parameter Symbol Value

Pressure altitude hp 24 km
Length l 200 m
Diameter d 50 m
Volume UH 261; 800 m3

Surface area S 25; 300 m2

Drag coefficient CDo 0.04
Maximum airspeed Vmax 30 m=s
Maximum flight-path angle �max 30 deg
Maximum thrust Tmax 10 kN
Maximum propulsion power Pmax 100 kW
Maximum climb rate _hmax

10 m=s

Added mass coefficient, x axis k1 0.082
Added mass coefficient, y and z axes k2 0.860

MUELLER, ZHAO, AND GARRARD 1233



must be understood to develop meaningful models and problem
formulations.

By definition, the buoyancy force is equivalent to the weight of
displaced air, and so

B�UH��h�g

The weight of the airship is

W � �m0 �ma�h��g

To achieve static buoyancy, or zero net lift, the air mass inside the
airship must change with altitude according to

ma�h� �UH�a�h� �m0 (1)

The ceiling altitude, or pressure altitude, occurs when the ballonets
fully deflate, where ma�h� � 0, or

�a�h� �m0=UH

The rate atwhich air enters or leaves the ballonets is constrained by
the capabilities of the fans in the pressure regulation system. This
translates into imposed limits on the rate of ascent or descent, to
maintain neutral buoyancy. In this paper, we assume that neutral
buoyancy is maintained throughout the flight, which is equivalent to
the assumption that the rate of airflow during ascent can be achieved
by the pressure regulation system.

In addition, the required thrust and power change with flight
condition, according to

Treq �D� 1
2
��h�V2U2=3

H CDo (2)

Preq �
TreqV

�
(3)

where U2=3
H is the standard aerodynamic reference area for airships.

B. Kinematic Equations

The position of the airship is described in the topocentric local
coordinate system ENU with unit vectors �e;n; u�, pointing east,
north, and up, respectively. Figure 1 illustrates the topocentric
coordinates along with the Earth-centered inertial coordinates IJK
with unit vectors �I;J;K�. Note that ‘ is the Earth-relative longitude,
and the Earth rotates around the K vector at the rate of !E.

Derivation of airship equations involves three velocity concepts:
inertial velocity, Earth-relative or local velocity, and wind-relative
velocity. Considering the rotation of the Earth, the inertial velocity is
found by

V I � VL �E (4)

where E� !E�R� h� cos�e. If the Earth rotation is assumed to be
zero, then E� 0 and VI � VL, meaning that the local frame
becomes the inertial frame. We include the Earth rotation terms
throughout this derivation to examine the size of the resulting

acceleration terms. In addition, although the spherical-Earth effects
are small considering the ranges involved in this study, including
them in the equations of motion leads to a general-purpose model
suitable for ascent and station-transfer planning over extremely large
distances.

To obtain the inertial velocity, we differentiate the position vector
with respect to the inertial IJK frame and express the result in the
ENU frame. The position of the airship is

r � �R� h�u (5)

The inertial velocity VI is then given as

VI � _r� _hu�� � r� � _‘� !E� cos��R� h�e

� _��R� h�n� _hu (6)

where the angular velocity�with respect to the inertial IJK frame is
given by

�� � _‘� !E�K � _�e�� _�e� � _‘� !E� cos �n

� � _‘� !E� sin�u (7)

An important consideration in this paper is the effect of steady-
state horizontal winds. The horizontal-wind velocity vector is
defined as

W �W sin We�W cos Wn�WEe�WNn (8)

Figure 2 illustrates the relationship between the horizontal-wind
vector, the airspeed velocity vector, and the local (Earth-fixed)
velocity of the airship. The wind-relative velocity vector is defined
by the airspeed V, the flight-path angle �, and the heading  . We
distinguish the local and inertial velocity components with theL and
I subscripts, respectively.

From Fig. 2, the velocity with respect to the local ENU frame is
determined as

V L � V �W (9)

VL � V sin �u� �V cos � sin �WE�e
� �V cos � cos �WN�n (10)

V L � VL sin �Lu� VL cos �L sin Le� VL cos �L cos Ln (11)

Equating Eqs. (4) and (6) and using Eq. (10), we obtain the
following kinematic relationships:

_‘ cos��R� h� � V cos � sin �WE � VL cos�L sin L (12)

I

J

i

K

n e

hR

u

+ tE

Fig. 1 Topocentric coordinate system.
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Fig. 2 Airship velocity in the local and wind-relative frames.
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_��R� h� � V cos � cos �WN � VL cos�L cos L (13)

_h� V sin � � VL sin�L (14)

As shown in Fig. 2, the wind frame (xyz) is attached to the body of
the airship and is rotated from theENU frame through the flight-path
angle � and heading angle . Note that the bank angle� is assumed to
be zero; the justification for this assumption is provided later in this
section. The rotation matrix is therefore

x
y
z

2
4

3
5� cos � sin cos � cos sin �

cos � sin 0

sin � sin sin � cos � cos �

2
4

3
5 e

n
u

2
4

3
5� C e

n
u

2
4

3
5

(15)

C. External Forces

The external forces acting on the airship include aerodynamic lift
L, drag D, thrust T, weightW, and buoyancy B. We also consider a
generic lateral force N, which may be generated by any means, such
as rolling the lift vector through a small angle � or applying lateral
thrust, for example. A free-body diagram of the forces in the
x–z plane is shown in Fig. 3.

Note that the total mass of the airship changes significantly during
ascent as the internal ballonets contract. A small additional thrust _mV
can be produced by ejecting air from the ballonets. The mass-flow
rate _m is found by differentiating Eq. (1) with respect to time:

_m�UH _��h� �UH
@�

@h
_h (16)

Although the resulting force created by this mass flow will be small
compared with the propeller thrust, it is included in this model to
examine the potential for exploiting this momentum transfer in
trajectory planning. The practical considerations of implementation
and net benefits should be evaluated more fully in the context of a
vehicle design study.

The sum of forces in the wind-relative frame is

�F� ��B�W� sin � � T cos��� �� �D�x̂� Nŷ
� ��W � B� cos � � L � T sin��� ���ẑ (17)

where the lift and drag forces are defined as L� qU2=3
H CL��� and

D� qU2=3
H CD���, respectively. The lift and drag coefficients from

Lee and Bang [5] are used and are assumed to vary only with angle of
attack.

D. Dynamics

The equations of motion are described by equating the time
derivative of the momentum vector with the sum of external forces:

�F� d

dt
�MVI� (18)

For an airship, we must use a mass tensor M to account for the
different effects of addedmass in each axis. This phenomena is based
on the fact that any object accelerating through a fluid must also
accelerate some of the surrounding fluid. For traditional aircraft,
the mass of the surrounding fluid is negligible compared with the
mass of the vehicle. For airships, however, the added mass effect is
significant and must be included. The mass tensor is defined as

M�m�I� �
k1 0 0

0 k2 0

0 0 k3

2
64

3
75��h�UH

�
m�max 0 0

0 m�may 0

0 0 m�maz

2
64

3
75 (19)

where k1, k2, and k3 are added mass coefficients that can be derived
from the geometry of the vehicle [21], andm is the scalar totalmass of
the airship structure and internal gas. For an airship that is symmetric
about the x axis, k2 � k3.

The total inertial acceleration is the acceleration of the airship with
respect to the local ENU frame, plus the acceleration of the ENU
frame in inertial space, plus the Coriolis acceleration. Using the
notation �d 	 =dt�A to denote a derivative taken with respect to frame
A, the inertial acceleration expressed in the wind frame is�

dVI
dt

�
I

�
�
dVL
dt

�
L

�!L=I � VL �
�
dE

dt

�
I

(20)

Now define V � �V; 0; 0�T to be the expression of the wind-
relative velocity vector in the wind frame. Also, let !W=L be the
angular rotation of the wind frame with respect toENU, and let!L=I
be the angular velocity ofENUwith respect to the inertial frame. The
first two terms of Eq. (20) are then expanded as follows:�

dVL
dt

�
L

�
�
dV

dt

�
W

�!W=L � V �
�
dW

dt

�
L

(21)

�
dE

dt

�
I

�
�
dE

dt

�
L

�!L=I �E (22)

where the angular velocities and the wind velocity derivative are
defined as

! L=I � !E�cos�n� sin�u� (23)

!W=L �� _ sin �e� _�n� _ cos �u (24)

�
dW

dt

�
L

� _W � _WEe� _WNn (25)

�
dE

dt

�
L

� _E� !E� _h cos�� �R� h� sin� _��e (26)

The wind rate terms are simply the product of the wind gradient

across altitude and the altitude rate [e.g., _WE � �@WE=@h� _h]. The
resulting expression for the inertial acceleration is

�
dVI
dt

�
I

�
�
dV

dt

�
W

�!W=L � V �!L=I � VL �
�
dW

dt

�
L

�
�
dE

dt

�
L

�!L=I �E (27)

x

L

B

W

V

Horiz

z
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Fig. 3 External forces acting on the airship.
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E. Complete Equations of Motion

The complete equations of motion of the airship include the rate
of change of its geographic position, provided in the kinematic
equations (12–14), and the rate of change of its wind-relative
velocity. The velocity vector derivative is found by differentiating
Eq. (4) with respect to the inertial frame and expressing the result in
the wind frame.

Expanding Eq. (27) with Eqs. (17) and (18), we obtain the
following expressions for the time-rate of change of thewind-relative
velocity components:

_V � �B �W� sin � � T cos� �D � UH _�V

m�max

� _Wx � aEx (28)

_� � �B�W� cos � � T sin�� L
�m�maz�V

�
_Wz � aEz
V

(29)

_ � N

�m�may�V cos �
�

_Wy � aEy
V cos �

(30)

where the wind rate terms in the wind frame are

_W x � _WE cos � sin � _WN cos � cos (31)

_W y � _WE cos � � _WN sin � (32)

_W z � _WE sin � sin � _WN sin � cos (33)

The additional acceleration due to the rotation of the Earth is

a E �
aEx
aEy
aEz

2
4

3
5�!L=I � VL �

�
dE

dt

�
L

�!L=I �E (34)

The expanded form of the acceleration terms due to rotation of the
Earth are

aEx � !Ef�WE � V��sin� cos � cos � cos� sin ��
� 2WN sin� cos � sin g � !2

E�R� h� cos�
� �cos � cos sin� � sin � cos�� (35)

aEy � !Ef�WE sin� sin � 2WN sin� cos 

� V�cos � sin � cos � sin � cos �1 � cos2 ��g
� !2

E�R� h� cos� sin sin� (36)

aEz � !EfWE�sin� sin � cos � cos� cos ��
� 2WN sin� sin � sin g � !EfV�cos� sin �1� sin2��
� sin� sin � cos � sin cos �g � !2

E�R� h�
� cos��sin � cos sin�� cos � cos�� (37)

F. Dimensional Scaling

To effectively use any numerical optimization routine, it is
important to first scale the variables of the problem. Simply put, the
objective is to scale all of the variables so that they are neither very
small nor very large. In this problem, a common set of dimensional

scalings is applied for time, length, velocity, and acceleration. The
characteristic scales are defined as

dc �
R

k2
; Vc �

�������
gR
p

k
; tc �

1

k

����
R

g

s
(38)

where k > 0 is a scaling constant, chosen to provide a balanced
scaling of variables throughout the dynamics and constraint
equations. Note that the scales are consistent, such that Vc � dc=tc
and g� Vc=tc. The normalized variables are defined as

�V � V

Vc
; �h� h

dc
; � � t

tc
(39)

�W E �
WE

Vc
; �WN �

WN

Vc
(40)

�T � T

UH��h0�g
; ��� �h� � ��h�

��h0�
(41)

and the normalized lift and drag forces are expressed as

�L� L

UH��h�g
� ACL��� �V2 (42)

�D� D

UH��h�g
� ACD��� �V2 (43)

where A� dc=
�
2U1=3

H

�
. Additionally, the normalized time

derivative is related to the original time derivative as follows:

��0 � d��
d�
� tc

d��
dt
� tc _�� ) ��0 �

1

k

����
R

g

s
_��

After some algebra, the complete set of equations can now be
written in nondimensional form as follows:

�V 0 � 1

1� k1

�
�T cos��� �� � �@ ��=@ �h� sin � �V2

��� �h�
� ACD��� �V2

�

� @
�Wx

@ �h
�V sin � � �aEx (44)

� 0 � 1

1� k2

�
�T sin��� ��

��� �h� �V
� ACL��� �V

�
� @

�Wz

@ �h
sin � � �aEz= �V

(45)

‘0 �
�V cos � sin � �WE

cos�� �R� �h�
(46)

�0 �
�V cos � cos � �WN

� �R� �h�
(47)

�h 0 � �V sin � (48)

G. Assumptions

We first discuss the omission of bank angle in these equations.
Traditional aircraft turn by banking, which rotates the lift vector to
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create lateral acceleration. However, this form of turning is not
necessarily the best option for airships, for at least three reasons.
First, airships produce much less dynamic lift than traditional
aircraft, as airships rely primarily on buoyancy for the lifting force.
Second, the combination of the weight and buoyancy forces creates
a natural stabilizing moment about the roll axis, as the center of
buoyancy is located above the center of gravity. This stabilizing
moment must be overcome to hold a nonzero bank angle over time.
To perform this maneuver aerodynamically would require large
control surfaces, which, for the stratospheric airship, would bring a
significant increase weight and drag. Third, the types of payloads for
station-keeping missions will likely be Earth-pointing or zenith-
pointing. Large bank angles would tend to violate these payload
pointing requirements for fixed mounted payloads, whereas pure
yaw maneuvers would pose no problem. It is therefore reasonable to
consider othermechanisms for turning that do not rely on bank angle,
such as differential thrust to turn with sideslip or pure lateral thrust.
The inherent roll limitation is evidenced in [5], inwhich bank angle is
used as a control input, but with a limit of only 5 deg. As a
consequence of these practical airship design constraints, we assume
that the bank angle remains sufficiently close to zero such that it can
be ignored in the equations of motion.

In this paper, we assume that the airship regulates internal pressure
to maintain zero static lift (B�W) throughout the flight envelope.
The longitudinal control inputs are angle of attack �, thrust T, and
thrust vector angle �. We choose the lateral control input to be

heading , and we enforce bounds on _ . The states of the system are
the wind-relative velocity V, flight-path angle �, and geographic
position �‘; �; h�. Therefore, the state equations for the system
include the kinematic expressions (12–14) and the longitudinal
velocity derivatives (28) and (29).

To summarize, this formulation of the airship equations of motion
includes the point-mass kinematic equations for a spherical Earth,
steady-state horizontal winds that vary with altitude, longitudinal
dynamics governed by lift, drag and vectored thrust, mass variation
with altitude, the effects of addedmass, and virtual accelerations due
to the wind variations and Earth rotation. This formulation is more
general than the model provided by Lee and Bang [5], in that it
includes Earth rotation and mass variation across altitude. Also note

that the dynamic relationship of _ with the other states and controls,
given in Eq. (30), can be used as a time-varying constraint if desired.

However, for this study, we impose constant bounds on _ .

IV. Environmental Models

The stratospheric airship must fly through a wide range of flight
conditions, from 0 to 30 m=s airspeed, and from sea level to about a
21 km altitude. During its ascent, the atmospheric density drops by a
factor of 16 from 1.225 to about 0:075 kg=m3. In this paper, we
assume that the atmospheric density changes with altitude according
to the standard atmosphere model [22]. A third-order polynomial is
fit to the standard atmosphere data over an altitude range of 0 to
23 km. The altitude is normalized before fitting to obtain better
numerical accuracy. The polynomial expression is given as

��h� � ��0��c0 � c1�h=dc� � c2�h=dc�2 � c3�h=dc�3� (49)

where dc is a dimensional scaling parameter, defined in Eq. (38).
Using dc � 15; 891:915 km and

c � ��0:11159; 0:71537;�1:45854; 0:99523�T

gives a maximum error of 2.6% and a mean error of 0.84%.
The winds also change considerably with altitude. The general

trend is that windspeed gradually increases as we ascend through the
troposphere, reaching a peak in the jet-stream altitude range of 10–
15 km. It then gradually decreases again to reach aminimum speed in
the lower portion of the stratosphere, generally between 18–25 km.
The actual wind profile changes with geographic location and the
time of year and is also effected by the 11-year solar cycle.

In general, wind velocity can be split into steady-state and time-
varying components. Although the actual winds encountered during
flight cannot be predicted exactly, steady-state horizontal winds are
known to follow specific trends with altitude, geographic position,
and the time of year. Typical wind behavior can be adequately
characterized based upon meteorological data, which provides a
mechanism for design-phase planning. In addition, weather balloons
and other instruments can be used immediately before flight for
preflight and onboard planning.

The 1993horizontal-windmodel (HWM93), produced by theU.S.
Naval Research Laboratory (NRL), uses a combination of historical
meteorological data and measurements from radar and rocket
sounding experiments to develop an analytic empiricalmodel [23].A
FORTRAN program of the HWM93§ was used to generate wind
profiles over altitude at select times and geographic locations. In this
paper, we use the HWM93 to model the average wind profile at the
coordinates of 118
0:00 W, 35
0:00 N. This is located at the southern
end of Edwards Air Force Base, approximately 100 km north of Los
Angeles. The variation of the east component of wind across altitude
is shown in Fig. 4 for four different times of year. The north com-
ponent of the wind is not shown, as the maximum speed is under
1 m=s. This is representative of the typical wind profile observed in
the continental United States, with the peak speeds occurring in the
jet-stream altitude range of 10–15 km and with the wind directed
primarily eastward.

The east and north components of the wind are fit to the HWM93
data using seventh-order polynomials. As before, the polynomial is
fit after normalizing the altitude and velocity with constant scaling
parameters. The expression for the east wind approximation is

WE�h� � Vc
h
ce0 � ce1�h=dc� � ce2�h=dc�2 � 	 	 	 � ce7�h=dc�7

i
(50)

The north wind is found with the same polynomial expression,
but with the cn coefficients. Using dc � 15; 891:915 km and Vc�
395:04 m=s, we obtain the following coefficients for the winter-
season wind model:

c e � ��0:16235; 0:83550;�1:64017; 1:60473;�0:89284
0:20646; 0:09708; 0:00246�T (51)

c n � ��0:00103; 0:00502;�0:00789; 0:00459;�0:00104
� 0:00085; 0:00047;�0:00001�T (52)

The approximationsmatch the originalmodel, with amaximumerror
of 0.4% in the east component and 1.1% in the north component.

V. Formulations for Optimal Airship Flights

We now consider the formulation of trajectory optimization
problems for various types of airship flights. Let the state vector x�t�
and control vector u�t� be defined as

x �t� � �V; �; ‘; �; h�T (53)

u �t� � �T; �; �;  �T (54)

The airship dynamic model is described by the system of nonlinear
differential equations given in Eqs. (12–14), (28), and (29), which
can be expressed as

_x�t� � f�x�t�; u�t�; t� (55)

The optimization problem is to choose a control history u�t� that
minimizes a scalar performance index J, subject to the equations of
motion over some time interval �t0; tf�, and other constraints thatmay

§Data available at http://uap-www.nrl.navy.mil/uap/ [retrieved 20 Jan-
uary 2009].
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be enforced on the states and controls. Specifically, we enforce
constant bounds on the states, controls, and control rates and impose
both path constraints � and terminal constraints � on the state. The
problem is summarized as

min
u�t�;t2�t0 ;tf �;tf

J�x�t�; u�t�; t�

subject to _x�t� � f�x�t�; u�t�; t�; x�t0� 2 X0

xL � x�t� � xU; t > t0; uL � u�t� � uU
_uL � _u�t� � _uU; ��x�t�� � 0; ��x�tf�� � 0 (56)

where X0 represents an allowable set of initial states. The path
constraints include bounds on the climb rate and power, as given
next:

� 1 � V sin � � _hmax � 0 (57)

� 2 � TV � Pmax� � 0 (58)

The terminal constraint enforces a final desired position �‘f; �f; hf�
and speed �VLf� to be achieved:

� 1 � ‘�tf� � ‘f � 0 (59)

� 2 � ��tf� � �f � 0 (60)

� 3 � h�tf� � hf � 0 (61)

� 4 � �V cos � cos �WN�2 � �V cos � sin �WE�2 � V2
Lf � 0

(62)

In the present paper, we focus on two different types of optimal
ascent trajectories: minimum time and minimum energy. Within the
context of feedback control design, the term energy is indeed often
referred to as the total control effort,

R
u2�t�dt. However, this is not

necessarily meaningful for airship trajectory planning, as it does not
reflect the true energy expenditure of the airship during flight. The
total energy consumption of the airship during the trajectory is the
integral of the required power:

E�
Z
tf

t0

VT

�
dt (63)

Here, we consider only the power required for propulsion, ignoring
any power required for payload and or systems operation, as these are
expected to be small in comparison and are not affected by the
trajectory. It is reasonable to assume that the efficiency remains
constant throughout the flight, allowing it to be disregarded in the
performance index. We can now define the performance index as

J� Kttf � Kp
Z
tf

t0

VTdt (64)

where Kt and Kp are nonnegative weighting coefficients that enable
the problem to be cast as pure minimum time (Kt � 1 and Kp � 0),
pure minimum energy (Kt � 0 and Kp � 1), or a blend of both
objectives (Kt > 0 and Kp > 0).

Note that a more comprehensive model of the airship flight power
requirement would include the power required to operate the
pressure regulation system, which must blow air out of the ballonets
during ascent. Providing amore accurate powermodel would help to
design more realistic trajectories for the minimum-energy problem.
In addition, it may beworthwhile tomodel themaximum airflow rate
as a constraint. This would allow the buoyancy and weight to be
modeled separately, with mass as a state, so that neutral-buoyancy
conditions are only achieved when the pressure regulation system
can expel or intake air fast enough.

VI. Numerical Solution Methods

The optimal control problem described previously can only be
solved numerically. An effective method for developing a numerical
solution is to transform this dynamic optimization problem into a
parameter optimization problem. We use a collocation approach,
discretizing the dynamic equations so that both the states and
controls become decision variables over a finite number of nodes
[24–26]. We then solve the problem numerically using SNOPT,
which is a SQP tool that exploits the sparsity structure of the Jacobian
matrix [27].

Define the time interval t 2 �t0; tf� over N nodes, so that
tk � t0 � ��ktf, where

0� ��1 < ��2 < ��3 < 	 	 	 ��N�1 < ��N � 1

The state and control vectors at time tk are now defined as xk 2 RNS

and uk 2 RNC , respectively. The vector of decision variables is
composed of the states and controls over all nodes, as well as thefinal
time tf, so that X 2 RND with ND � N�NS � NC� � 1:

X �
h
xT1 ; x

T
1 ; u

T
2 ; u

T
2 ; . . . ; x

T
N; u

T
N; tf

i
(65)

We can now use Simpson’s rule to integrate the dynamic equations.
The original dynamic constraint is _x�t� � f�x�t�; u�t�; t�. Applying
Simpson’s rule to the discrete system, we have

_x k �
xk�1 � xk

�tk
� 1

6
�f k � 4fmk � fk�1� (66)

where

f k � f�xk; uk� (67)

f mk � f�xmk; umk� (68)

Fig. 4 HWM93 wind prole over southern California.

Table 2 Solution parameters

Parameter Value

k 20
R 6,356,766.0 m
g 9:82 m=s=s
Vc 395:0425 m=s
dc 15,891.915 m
tc 40.228 s
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x mk � 1
2
�xk � xk�1� � 1

8
�fk�1 � fk��tk (69)

u mk � 1
2
�uk � uk�1� (70)

�tk � � ��k�1 � ��k�tf (71)

These equations of motion provide a set of nonlinear constraint
equations,Cf �X� � 0. Rearranging Eq. (66), the kth set of equations
is given as

C f ;k � xk�1 � xk � 1
6
�f k � 4fmk � f k�1��tk � 0

k 2 �1; N � 1�
(72)

The performance index, originally defined in Eq. (64), is now
equivalently defined as

J�X� � Kttf � Kp
XN�1
k�1

TkVk (73)

The parameter optimization problem is to choose a decision vectorX
that minimizes the preceding performance index, subject to a set of
nonlinear constraints of the form l � C�X� � u, where l and u are
fixed lower and upper bounds, respectively. The full set of
constraints includes the equations of motion, the control rate limits,
path constraints on climb rate and power, and the terminal constraints
Ct. The problem can now be stated as

min
X

J�X� subject to fL � Cf �X� � fU

cL � Cc�X� � cU; pL � Cp�X� � pU
tL � Ct�X� � tU; XL � X � XU

(74)

where XL and XU are the lower and upper bounds on the decision
variables across all nodes, Cc 2 R�N�1�NC is the set of rate limits on

NC controls, Cp 2 RNNP is the set of NP path constraints over N
nodes, and Ct 2 RNT is the set of NT terminal constraints. Here,
NP � 2 for path constraints on climb rate and power, andNT � 4 for
terminal constraints on latitude, longitude, altitude, and inertial
airspeed. The bounds on the initial state are included in XL and XU.

The kth set of dynamic constraints is given in Eq. (72). Because
these are equality constraints, we have fL � fU � 0. The kth set of
control rate bounds, expressed as cL;k � Cc;k � cU;k, is given as

_Tmin

_�min

_�min
_ min

2
664

3
775 �

�Tk�1 � Tk�=�tk
��k�1 � �k�=�tk
��k�1 � �k�=�tk
� k�1 �  k�=�tk

2
664

3
775 �

_Tmax

_�max

_�max
_ max

2
664

3
775

k 2 �1; N � 1� (75)

The kth set of path constraints is taken fromEqs. (57) and (58), so that
pL;k � Cp;k � pU;k is equivalent to

_hmin

0

� 	
� Vk sin �k

TkVk

� 	
�

_hmax

Pmax

� 	
; k 2 �1; N� (76)

Finally, the terminal constraints are taken fromEqs. (59–62). Aswith
the dynamics, these are enforced as equality constraints, and so
tL � tU � 0.

For numerical solutions, we discretize the problem over 60 nodes
and use SNOPT to compute optimal trajectories for various sets of
initial conditions and cost functions.

VII. Numerical Results

For all problems considered, the target position is fixed at 35


latitude, �118
 longitude, and 21.334 km altitude. We impose an
additional terminal constraint that the final Earth-relative velocity be
less than 10 m=s. The airship is initialized in level flight at 1 m=s
airspeed and at an altitude of 710 m to match the local elevation. The
initial heading is open. The scaling parameters and constants are
defined in Table 2, and the bounds on state variables, control inputs,
control rates, climb rate, and supplied power are provided in Table 3.

In solving the optimal control problems, we neglect the contri-
bution from centripetal acceleration [those terms from Eqs. (36–38)
with !2

E]. This acceleration is constant in the ENU frame, with a
magnitude of 0:029 m=s2, and components only in the north/south
and vertical directions. The upward vertical component is assumed
to be a tiny part of the buoyancy that cancels with gravity. The
component in the north/south direction acts in the lateral direction
of the airship for east/west flights, with a magnitude of about
0:014 m=s=s. These are the only flights considered in this paper for
minimum-energy scenarios, in which the Earth acceleration terms
can be significant. We ignore this lateral component in the opti-
mization because it is easily dominated by lateral forces and it cannot
be exploited for east/west flights.

Next, we consider four different types of ascent scenarios, all with
the same target location but with different initial conditions and
different flight objectives.
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Fig. 5 Scenarios 1 and 2, minimum-time and fixed-time/minimum-energy trajectories.

Table 3 Problem bounds

Minimum Variable Maximum Units

0.1 V 30 m=s
�30 � 30 deg
�10 _h 10 m=s

0 P 100 kW
0 T 10 kN
�10 � 10 deg
�90 � 90 deg
�0:5 _� 0.5 deg =s
�3:0 _� 3.0 deg =s
�1:0 _T 1.0 kN=s

�0:6 _ 0.6 deg =s
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A. Characteristics of Optimal Flights

We first consider ascent trajectories for two different launch sites,
with scenario 1 launching from20kmeast of the target and scenario 2
launching from 250 km west of the target. For each scenario,
we consider both minimum-time and minimum-energy flights.

Minimum-time ascentflightsmay be necessary formilitarymissions,
inwhich the airship is at risk at low altitudes, or for any time-sensitive
application in which the payload must be delivered to operational
altitude as soon as possible. Minimum-energy flights, on the other
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hand, would be important for situations when the airship has limited
power-production capability, such as night launches.

Scenarios 1 and 2 are illustrated in Fig. 5, in which the vertical axis
is shown with a larger scale for clarity. Recall that the wind pattern is
directed east across all altitudes, with a maximum velocity occurring
at around 14 km, as shown in Fig. 4. In scenario 1, the airshipmust fly
against the wind to reach the target. The minimum-time solution
takes 1 h and 10 min, with the airship flying at the maximum flight-
path angle of 30 deg and using maximum power for the duration of
the flight. Although the wind blows the airship further east of its
launch point, the airship wind-relative heading is aligned west at all
times.

In scenario 2, the airship launches much further away at 250 km,
but is able to fly with the wind for the entire flight. The minimum-
time trajectory takes 2 h. The airship first saturates thrust at 10 kN,
then immediately reaches the maximum flight-path angle of 30 deg.
It continues to accelerate and reaches the power limit of 100 kWafter
12 min. It then cruises at the jet-stream altitude of 14 km for about
45 min, covering a range of 120 km, and finally climbs to the target
station. The control history for this minimum-time case of scenario 2
is shown in Fig. 6, and time histories for velocity, flight-path angle,
climb rate, and power are shown in Fig. 7. The Earth-relative
heading, flight-path angle, and velocity are shown as dashed lines.

It is interesting to observe the use of angle of attack as a control. In
this and in all other simulations, the angle of attack is set to
�0:78 deg for almost the entire trajectory, which is the minimum
drag angle for the polynomial approximation of drag coefficient used
from [5]. Longitudinal control is achieved primarily by throttling

thrust and rotating the thrust vector through�. Aerodynamic lift and
drag are used sparingly. In this case, angle-of-attack control is used
only at the end of the trajectory to reduce speed, so that the final
Earth-relative velocity constraint of less than 10 m/s can be met.

For the minimum-energy flight of scenario 2, the control histories
are plotted in Fig. 8, and additional time histories are given in Fig. 9.
The trajectory begins with the airship flying 1 m=s to the east.
Although the airspeed stays below 5 m=s during the flight, the Earth-
relative velocity increases to nearly 30 m=s before decreasing to the
maximum terminal constraint of 10 m=s. A sequence of small thrusts
is applied in the first half-hour to initiate the climb. The airship
continues to climb at the maximum flight-path angle for the duration
of the flight. A small amount of downward thrust is applied again
between 3 and 4 h to prevent the flight-path angle from increasing
above its limit. The airspeed velocity is seen to increase steadily
throughout the flight, even when no thrust is applied. This is possible
because theminimum-energy solution intentionally avoids the use of
thrust and instead exploits the accelerations due to mass-flow rate,
Coriolis effects, and wind rates. The Earth-relative heading stays
near 90 deg for the entire flight, as the airship always travels east with
the wind, although the wind-relative heading changes several times.

Fig. 10 Scenario 2, minimum-energy 3-D ascent trajectory.
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When the airship flies north or south, the wind rate terms vanish
because the wind model used here is only directed to the east. In
addition, the heading angle has a direct impact on the magnitude of
Coriolis acceleration in the x direction. In this way, the heading angle
provides a small amount of longitudinal control. A perspective view
of the ascent trajectory for this scenario is shown in Fig. 10. It
illustrates the changing wind-relative heading of the airship during
its ascent.

For scenario 1, in which the launch location is 20 km downwind,
the airship is carried past the target by the wind. It therefore must
expend a certain amount of energy to return to the target, regardless
of the time of flight. The control history for the minimum-energy
solution of scenario 1 is given in Fig. 11, and additional time histories
are provided in Fig. 12. Thefirst 2 h are spent climbing to the pressure
altitude of 24 km.TheEarth-relative heading angle during this time is
at 90 deg, meaning that the airship flies east with the wind as it
climbs. Once it reaches themaximum altitude, just before 2 h, it turns
west and flies at about 7 m=s for the next 10 h, covering a distance of
over 90 km, until it finally descends to the target station. A
perspective view of the ascent trajectory is shown in Fig. 13, which
shows the changing wind-relative heading of the airship as it climbs
and turns.

It is interesting to compare the relative magnitude of the various
components of acceleration that the airship experiences. Consider
the acceleration in the x direction of thewind frame for theminimum-
time and minimum-energy (5 h) solutions of scenario 2, as shown in
Fig. 14. The effects due to mass-flow rate and wind rates are clearly
comparable with the net effect of thrust and drag. For the minimum-
time solution, the maximum acceleration due to Earth’s rotation is
about 1 order of magnitude smaller than the other components, at 1
E-03. For the minimum-energy solution, however, its magnitude is
comparable with the other components. Although the effects of Earth
rotation and mass-flow rate do not provide a dominating influence,
these relative magnitudes suggest that they ought to be incorporated
into the trajectory planning process along with the wind rates.

B. Time and Energy Tradeoff

For scenarios 1 and 2, we now consider minimum-energy
trajectories at a series of specified flight times, extending to a
maximum flight time of 12 h. Figure 15 shows the initially steep and
then gradual energy reduction with increasing flight time for both
scenarios. For scenario 1, the energy continues to decrease with
increasing the flight time, but extending the flight to 16 h provides
only a 2.5% further decrease in energy. The minimum-energy
solutions of scenario 1 follow a similar path to that of the minimum-
time case, but climb at slower airspeeds to reduce drag, which results
in the jet-stream winds carrying the airship further east. In all cases,
the optimal trajectory involves a direct climb to the maximum
operational altitude of 24 km, followed by a cruise and descent to the
target station.

For the minimum-energy trajectories of scenario 2, there is a steep
decline in the energy requirement from 2 to 4 h. The energy reaches a
minimum between 5 and 6 h and then gradually increases with larger
flight time. The zoomed-in view of the energy curve for scenario 2
clearly shows the energy increasing after 6 h. The minimum-energy
solution requires just 0.5% of the energy required for the minimum-
time case. For this solution, the vehicle climbs slowly at low
airspeeds, eventually entering the jet stream and allowing thewind to
carry it to the target. For flight times less than 5–6 h, additional
energy must be expended to increase the eastward velocity. For
longer flight times, additional energy is required to decrease the
eastward velocity. In general, the airspeeds stay very low, between
1–4 m=s, so that there is very little drag (100–350 N). The small
deceleration due to this drag is comparable with the accelerations
associated with wind rate, Coriolis effect, and mass-flow rate. Thus,
thrust is used sparingly to maintain a small positive rate of climb as it
coasts to the target.

These results indicate that, unless seriously pressed for time,
optimal airship ascent operations should be designed at the
minimum-energy points, with a maximum flight time constraint
applied if necessary. At these conditions, the energy consumption is
greatly reduced for a reasonable time penalty.

C. Effects of Varying Initial Positions

The previous sections focus on scenarios that primarily involve
east/west motion with an eastward wind.We now consider the effect
of changing the initial heading of the launch location. In scenario 3,
trajectories are planned for launch sites distributed along a circular
region with the radius of 10 km from the target, and in scenario 4 the
radius is increased to 100 km.

A set of 12 different trajectories is shown in Fig. 16 for the 10-km-
range case. The shaded bar on the side of the figure is provided to
illustrate the flight time of each trajectory. The left plot shows the
horizontal projection of each path, and the right plot provides a
perspective view. Aswewould expect, initial positions to the west of

Fig. 13 Scenario 1, minimum-energy 3-D ascent trajectory.
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the target location result in shorterflight times, as they enable airships
to flywith the wind duringmost of the flight. The trajectory launched
from the due west location winds back and forth during its ascent.
This is necessary to achieve the maximum climb rate while
preventing the airship from flying too far east, much like winding up
or down a mountain with a fixed slope.

Similar results are observed for the 100-km-range case, scenario 4.
A set of 24 trajectories is shown in Fig. 17, with the flight time
ranging from about 1 to 2 h. Here, we also observe a transition
between two types of trajectories. For the launch sites located
furthest to the west, the minimum-time ascent involves a consistent
climb to the target altitude, with a greater distance covered in the jet-
stream altitudes. However, as the launch point moves east, the nature
of the optimal solution changes. As the launch position moves
around the circle toward the east, we reach a condition in which the
fastest path involves first climbing above the target altitude to the
altitude ceiling, then descending to the station. Note that this is
the type of altitude profile observed for all cases of scenario 1. The
reason for this behavior is due to the fact that the maximum power
constraint for the minimum-time solution is active for nearly the
entire flight (see Fig. 6). With the power constraint reached, the only
way to increase the velocity is to reduce the thrust. This is only
possible by elevating to lower-density air when the drag for a given
velocity is lower.

In Fig. 18, we see that the flight time and total energy follow the
same trend with launch location. This is to be expected, because in
all cases, the objective is to minimize flight time. The associated
structure of the control is also the same in all cases, with the power

constraint active for nearly the entire flight. Thus, the total energy
(the integral of the power) is expected to depend linearly on the flight
time.

Clearly, the jet stream provides a speed advantage only if the final
altitude could be reached before the final longitude is reached. In
these cases, the airship can reduce the rate of climb while in the jet-
stream altitudes to use the wind. This is seen in the far west
launch locations of scenario 4 and in the minimum-time solution of
scenario 2. Here, the launch location is far enough away that, with the
fastest possible climb, the final altitude would be reached before the
final longitude is reached. Otherwise, there is no advantage to staying
in the jet stream, and the optimal solution is simply to climb as fast as
possible. Because the jet-stream winds carry the airship further
east of the target station in these cases, the final phase of the flight
involves flying into the wind at maximum power and sometimes at
maximum airspeed. This final return phase involves a cruise at the
maximumaltitude atwhich the resistingwind and density is smallest.

D. Discussions

Results obtained in this paper are specific to the wind model and
airship configuration that was used. However, the wind model is
representative of the class of wind profiles that are seen throughout
many parts of the globe, and the airship design is based upon
published data from prototype vehicles as well as accumulated
engineering experience from prior work in airship research.
Therefore, examination of these optimization results enables us to
develop some general strategies for planning optimal ascent
trajectories subject to similar wind profiles and similar vehicle
designs.

There are also some important limitations to the scope of this
analysis. First, neutral buoyancy has been assumed at all flight
conditions, which requires the pressure regulation system to achieve
high mass-flow rates during high rates of climb or, more precisely,
whenever the rate of change in the ambient-air density is high. A
more accurate model would include airflow constraints, so that
buoyancy and weight are modeled separately. In such a model,
neutral-buoyancy conditions would only be achieved when the
required mass-flow rate is under the prescribed limit. Also, as
previously mentioned, our model for the required power for flight
does not include the operation of fans for pressure regulation.
Including this power requirement in the performance objective
would lead to more accurate predictions of energy consumption and
may influence the optimal trajectories. Finally, the power generation
during the flight of a stratospheric airship depends upon its
orientation, which governs the incidence angles of the photovoltaic
solar cells. Introducing a model for the generated power and
including appropriate energy-balance constraints may lead to a
different class of optimal trajectories that exploit the combination of
the wind-relative and inertial orientations as the sun moves through
the sky. Each of these areas are topics worthy of future research.
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VIII. Conclusions

This paper develops the equations of motion for an airship in the
presence of horizontal winds and presents the solutions for optimal
ascent trajectories under various conditions. Airship ascent flights in
wind are formulated as nonlinear optimal control problems that
minimize flight time and energy consumption. These problems are
converted into nonlinear parameter optimization problems and are
solved using SNOPT.

Extensive numerical solutions illustrated several interesting
trends. It is clear that the high-velocity winds in the jet-stream
altitude range (10–14 km) have a major impact on all optimal
trajectories. Minimum-time solutions typically reach constraint
limits in a consistent sequence: thrust,flight-path angle, power, climb
rate, and airspeed. Minimum-energy solutions with a fixed final time
slightly above the minimum-time solution can provide a substantial
energy savings. In general, the minimum-energy solution is to fly at
very low airspeeds with a steady rate of climb, using wind rates and
mass-flow rate whenever possible. There is also a general trend for
minimum-time trajectories that can use jet-streamwinds versus those
that cannot use them. Solutions that cannot benefit from the jet-
stream winds first climb to the maximum altitude and then return to
the station flying against the wind at maximum altitude. If the wind
can be used, on the other hand, the minimum-time solution always
reduces the rate of climb while in the jet stream. These observations
should hold true for similar airship configurations and similar wind
profiles.

It is clear that the optimal airship ascent trajectories are strong
functions of both the wind environment and the imposed constraints
on thrust, power, and rate of climb. Therefore, future work on this

topic should include an analysis of performance sensitivity to
modeling parameters, performance limits, and uncertainty in the
wind velocities. Given the need to design optimal trajectories subject
to uncertainwind conditions, a robust trajectory planning approach is
desired. In addition, incorporating the power requirement and airflow
constraints for the pressure regulation system would provide a more
realisticmodel forweight and power consumption andmore accurate
minimum-energy solutions.
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